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Abstract 

A longstanding problem in Kaluza-Klein models is the description of matter 
dynamics. Within the 5D model, the dimensional reduction of the geodesic 
motion for a 5D free test particle formally restores electrodynamics, but the 
reduced 4D particle shows a charge-mass ratio that is upper bounded, such 
that it cannot fit to any kind of elementary particle. At the same time, from 
the quantum dynamics viewpoint, there is the problem of the huge massive 
modes generation. We present a criticism against the 5D geodesic approach 
and face the hypothesis that in Kaluza-Klein space the geodesic motion does 
not deal with the real dynamics of test particle. We propose a new approach: 
starting from the conservation equation for the 5D matter tensor, within the 
Papapetrou multipole expansion, we prove that the 5D dynamical equation 
differs from the 5D geodesic one. Our new equation provides right coupling 
terms without bounding and in such a scheme the tower of massive modes is 
removed. 



Introduction 



In this paper we focus on the 5D Kaluza-Klein ( KK ) model, with a small 
compactified extra dimension. The original KK model was first presented by 
Kaluza and Klein (|2j, |3]) and successively improved by Jordan ([4J) and 
Thirry ([5]). It was a 5D model which unified gravity and electromagnetism; 
it can be regarded as a low-energy effective theory, in which the 5D Poincare 
symmetry is broken, as well as the 5D Equivalence Principle ( PE ), and 
U(l) gauge symmetry appears. After this, KK model had a full development 
with the geometrization of non-abelian Yang-Mills fields ([6], [7], [8J, [9J), and 
the idea of multidimensions was adopted in String and Supergravity theories 
([To]. [TI]). Despite this success, KK models did not have the same impact 
in their application on cosmology or quantum particles theories. Actually, 
while KK models are able to reproduce correctly the dynamics of Yang- 
Mills fields in vacuum, they lead to unphysical outcomes when matter is 
taken into account, especially as far as elementary particles are concerned. 
A longstanding problem, in the 5D model, is the correct evaluation of the 
charge-mass ratio for a test particle ([l2], [El): the classical motion of a 
5D test particle is reduced to the motion of a 4D particle interacting with 
electromagnetic field, but the charge-mass ratio results upper bounded in 
such a way that any known elementary particles satisfies it. At the same time, 
when we consider the 5D Klein Gordon dynamics, the requirement of the 
compactification at a small scale leads to a tower of unphysical huge massive 
modes ([l2], [l3]). Nowadays, there are some alternative multidimensional 
models, which solve the matter coupling problem, like induced-matter theory 
by Wesson(p^, [1^) or Randall-Sundrum models ([IS], [11]), which are well 
grounded and in full development . In these models, original hypotheses of 
KK are in some way changed or relaxed. What we want to do now is to 
pursue the original KK model; in our opinion the problem does not relies 
in the compactification hypothesis but in the approach usually considered 
to describe the dynamics of test particles, i.e. the geodesic approach. Our 
idea is the following: due to the violation of 5D PE, in the 5D model the 
geodesic equation only represents the path of minimum distance between two 
fixed points, but does not deal with the motion of a test particle. The right 
equation of motion has to be looked for in the 5D conservation equation 
for the energy-momentum tensor, via the Papapetrou multipole expansion 
([It]). This is indeed a difference with respect to standard General Relativity 
(GR), where we are used to identify the geodesic equation with the single- 
pole approximated equation we get from the energy-momentum conservation 
equation. In this paper we will re-analyze the geodesic approach in 5D and 
we will focus our criticism on the statement underlying such an approach. 
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We will discuss how the idea itself of a 5D test particle is not well defined 
in this scheme. Indeed we propose a new approach to solve such a problem, 
based on Papapetrou expansion ([l7]). We will be able, within the original 
compactified KK framework, to give a new equation of motion, with right 
coupling factors and no bound arising, where the tower of massive modes is 
removed. 

Paper is organized as follows: in sec. ([T]) we focus on fundamental state- 
ment of KK compactified model. In sec. ([2]) we examine the classical motion 
of a test particle; actually sec. (12.11) is just a review of the geodesic approach 
where the q/m problem is found, but we add further analysis on this topic 
in sec. (12.1.11) by considering the dynamics from the Hamiltonian point of 
view. Section (12. 2p is the core of the paper; we propose our new approach 
and discuss the new equation of motion provided by the multipole expansion 
of the conservation law for the 5D matter tensor. In sec. ([3]) we consider the 
dynamics in the Klein-Gordon ( KG ) scheme; in sec ( 13. ip we turn back to 
the geodesic approach, but we develop the corresponding KG equation and 
show how huge massive modes are linked to the q/m problem. In sec (13.21) . 
we study the KG equation that arises from our new approach and we get the 
important result that the tower of massive modes is removed. In sec. ([4j) 
conclusions and perspectives follow. 

1 Kaluza-Klein 5D model 

In the 5D KK model we generalize the geometrical framework of GR by 
adding a space-like dimension. We introduce the 5D metrics Ja£0, the 5D 
curvature scalar ^R, the 5D Einstein-Hilbert Action and the 5D Newton 
constant G(5): 



We are interested in the compactified KK model , based on the following 
hypotheses: ( KK hypotheses ): 

• {Compactification hyp.) Our manifold is the direct product Ai'^ S^, 
where A^"^ is the ordinary space-time and is a space-like loop. To 
make the extra dimension unobservable, we assume that its size is below 
our observational bound: L5 = / y/J^^dx^ < 10~^^cm. 

• {Cylindricity hyp.) All components of the metric tensor do not depend 
on the extra coordinate x^. Therefore, we have an invariant Killing 

^we use the convention A = 0, 1, 2, 3, 5 = 5 




.B 




(1) 
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vector with components (0,0,0,0,1). We can figure this statement 
as the zero-order approximation of the Fourier-expansion on the extra 
coordinate. 



• {Scalar hyp.) The J55 component of the metrics is a scalar. 

Due to last two hypotheses, the model is no more invariant with respect to a 
generic diffeomorphism. It is actually invariant with respect to the so-called 
KK transformations: 



(2) 

Here \1/ is an arbitrary scalar function and ek an appropriate dimensional 
factor to be fixed. In agreement with the above class of transformations, the 
metrics and the Action admit the following reduction: 

g^^-4>'^{ekfA^A^ -4>^{ek)A^ 
Jab^ \ I (3) 

1 



^5 = -TTTr^ I d'xV^ m - 2V,d,<jy + -iekfcj^'F^^Fn (4) 
IbTrGs J 4 

With respect to KK transformations, g^y is a 4D tensor, then we address 
to it the gravitational field; R is the associated 4D curvature scalar. The 
field Afj^ is a U(l) gauge field ( we say the electromagnetic one ) and F^y 
is the Faraday tensor. We also have the additional scalar field 0, that is 
the scale factor of the extra dimension. Finally, we label with the 4D 
covariant derivative and we have G5' = G^-^ jdx^. In the original KK 
model there was no scalar field, because from the beginning there was the 
condition J55 = —0^ = — 1. In such a way the Einstein-Maxwell theory is 
restored if we take 

AG 

G = G,' — = {ekf (5) 

In modern researches the scalar field is allowed, although its presence is still 
matter of debate, and, as pointed out by some authors, it can be viewed as a 
massless boson of zero spin ([6], [8], [E]). Eventually, the Einstein-Maxwell 
theory could be restored in the contest of varying fundamental constant mod- 
els ( |I9], [201 ), by taking 

AG 

G = r'G,' — = (eA;)202 (5) 
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In such a case, we have to require a behavior of that would fit to present 
observed values and their limits and allows us to neglect its derivatives in the 
Action. In this paper we focus only on the matter problem and we do not 
enter in this topic; we will discuss either the case = 1 and the case with a 
varying 0. 

A last point should be stressed in view of following analysis. We note that, 
due to the law of transformation of metrics components ( that does not ad- 
mit non-linear transformations as far as is concerned ) , there is no way to 
find a local transformations which could bring us to a Minkowsky 5D space 
( except for the case = 0, = 1, which is not interesting to us ). This 
means that the 5D PE is broken ( [2T] ). The 4D PE is however still safe, 
because we can always find a 4D Mynkowskian space, but the breaking of 
the 5D one is a feature which deserves our attention, and we will turn back 
on this point. 



2 Classical Dynamics 
2.1 Geodesic Approach 

The standard approach to the free test particle in GR relies in the equiva- 
lence between the motion of the particle and the geodesic trajectory on the 
manifold: if we associate the geodesic to the Action Sg = f ds, then the 
dynamics of the particle is governed by the Action 5* = —mSg ( adopting 
c = 1 ) and the fact that the mass parameter is constant and does not ap- 
pear in the motion equation is consistent with the PE. Assuming that such 
an equivalence still holds in 5D, we face the problem of the free test particle 
motion in KK via the following Action: 



where the mass parameter m is taken as a constant; in principle we have to 
determine whether m represents the 4D mass or a new 5D mass but at this 
step rh does not enter in the motion equation, therefore we now don't care 
this problem. The splitting of the line element is obtained in agreement with 
the reduction of the metrics ([3]). After the variational procedure, followed by 
a reparametrization of the equations in terms of the element ds, we get the 





(7) 
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following set of Eulero-Lagrange equations: 



>5 = 




U)|_ 



(8) 



Here m'" = ^ is the usual 4D velocity is the 4D covariant derivative 

along the path and = Ja^w^ , while = The first equation defines 

a constant of motion, in agreement with the existence of a Killing vector. 
Explicitly it reads as follows: 

W5 = -(p^{ekA^w^ + w^) (9) 

A direct calculus would show moreover that is a scalar with respect to KK 
transformations @. The second equation gives the dynamics of the reduced 
interacting particle. Clearly our system is not purely electrodynamics due to 
presence of 0. Anyway, we can restore the electrodynamics coupling in terms 
of the observed charge q and mass m of the particle, by setting 

^ = ek^^ (10) 



While this definition sounds perfectly reasonable, as well as all steps of this 
procedure, it leads to an unphysical feature. Indeed, recalling eq.(l6]) we now 
have: 



wl 1 



4Gm2 02 ^ + 4 
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This means that, not depending on the value of , the right member is 
always upper bounded and we have: 



^ < 1 (12) 



Every known elementary particle does not satisfy this bound. If we consider 
the electron, for instance, we have ^q^2 ~ 

(10^3). This feature still holds even 
if we take 0=1 from the beginning and consider a purely electrodynamics 
model. Eventually, the presence of gives the additional feature that the 
q/m ratio is not conserved. The q/m puzzle ( [l2], [I3] ) is a longstanding 



^ Actually, this is a generic feature of KK model: for a given vector in covariant 
representation its fifth component is always a scalar 
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problem that affects KK models, and it is strictly linked, as we will see in 
the following ( sec. 13.11 ). to the problem of the generation of huge massive 
modes beyond the Planck scale. Hence, from this viewpoint, the KK model 
seems not to be able to describe the coupling with matter. 



2.1.1 Hamiltonian Approach 

So far, we have seen a review of the well known geodesic approach. Now, 
let us consider the Hamiltonian reformulation of the dynamics which will 
give us a nice insight . Indeed, the analysis of conjugate momenta and 
dispersion relation will allow us to isolate the contribution of charge with 
respect to the contribution of mass in the formula ( ITOl ). The calculus of the 
Hamiltonian concerning the Action (JT]) is quite tedious and requires the ADM 
reformulation of the model ([22], [23], [21], [25]). We sketch the procedure in 
the next paragraph and analyze thereafter the outcome . 



Hamiltonian formulation: Let us consider the Action ([7|): 

5*5 = — m J ds^ ds\ = ds^ — (j)'^{ekA^dx^ + dx^Y 

To get the Lagrangian we define a time-like coordinate g° and perform the 
following reparametrization: 

S, = -rnjdq''^^ ^ L = -m^^ (13) 

Following formulas provide the ADM ([22], [23], [21], [25]) splitting of our 
variables: 

= {Ao,A,) (14) 

dx^" = idq^,-N'dq° -dq') (15) 

dXf, = {dqo,dqi) (16) 

Components dqi and Ai represent the spatial projection of dXf^ and A^ and we 
have dqi = hijdq^ , dq^ = -^{dqo — dqiN^), where A^, A^*, hij are respectively 
the Lapse function, the Shift functions and the 3D induced spatial metrics. 
We define the following set of Lagrangian coordinates and velocities: 



q^ = (g°, g*) q^ = -x^ 

i ^ dq^ .5^dq^ 
^ dqO ^ dqO 



^^ = ^ (17) 
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By substituting these formulas into the hue element ds^ , we calculate the 
Lagrangian (fT3l) and we obtain: 

L = -m[N^ - K0q^) - (f)\-q^ + ekAo - ekAjN^ - ekAjq^ f]^ (18) 

From the above expression we can calculate conjugate momenta Pj, P5 and 
perform the Legendre transformation. In a synchronous frame, where Shift 
function vanish and N reduces to unity we have: 

{H - ekP^A^f = h'm^n, + (^m^ + (19) 

where Ilj = Pj — ekP^Ai^ H is the Hamiltonian and we have Ilj = mwi^ P5 = 
mti's, being w"^ = If we identify H with the time component of the 

momentum we can write a 4D covariant relation which holds in every frame: 

g^^U.U, = + ^' (20) 

where Uq = Pq — ekP^A^. Finally, we can rebuild a 5D dispersion relation: 
we define P"^ = rhw^. It yields: 

pA ^ (W^p^) (21) 

Pa = (n^ + P5A^,P5) (22) 
= g^'^'U^ P5 = -02(A^n'^ + p5). (23) 

With such a definition we can reproduce the relation (l20l) by the following 
5D dispersion relation : 

PaP^ = m\ (24) 



For sake of simplicity, we just restrict to the synchronous frame where 
the relation (fT9ll holds and we have 

Pi = Ui + ekAP^. (25) 

It is worth stressing that the momenta Pi^P^ are proportional to Wi,w^ 
through the parameter m and the momentum P5 is scalar and conserved, 
being conjugated to a cyclic coordinate. We identify the relation ( |T9l ) with 
the dispersion relation of a 4D test particle with charge q and mass m in an 
external electromagnetic field, where we define 

q = ekP^ (26) 
= (f + -^) (27) 
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At the same time, we can identify relation ([25l ) with the minimal substitution 
we are used to do in electrodynamics. Now, we observe that via the formula 
= w?w1 we can write 




{ekf 



m 




{ekf 




(28) 



Therefore we recover the formula (fTOll previously discussed. But, now we have 
a fine indication: the charge q is still conserved ( as correct in a U(l) gauge 
invariant model ), and the mass term m only carries the factor which 
violates the conservation and causes the upper bound of the ratio. Moreover, 
we see that the mass parameter rh we put in the Action does not represents 
the physical rest mass of the particle. Hence, while in GR the formulation 
of the test particle Action takes for granted that the mass parameter which 
appear in the Action represents the physical rest mass, now things seem very 
different. In our opinion, is the misidentification of the mass that causes the 
upper bound on the q/m ratio. 

2.2 Revised Approach: Papapetrou Expansion 
2.2.1 Criticism versus the Geodesic Approach 

The unphysical feature provided by the geodesic approach seems to show that 
the KK model is not able to describe the dynamics of particle. Our opinion 
is different: KK model is well able to describe particles, but the geodesic 
approach is not the correct method to face the problem. In such an ansatz 
the geodesic equation (l8|) simply represents the minimum path between two 
points in the 5D space, but this trajectory does not deal with the dynamics 
of the particle. Indeed, when we state that it is possible to describe particles 
via the Action ((71), we implicitly make three assumptions, borrowing them 
from GR: i) m represents the rest mass ii) m is a constant iii) is possible to 
consider a 5D point-like particle. Let us look at the first two assumption: in 
GR they are supported by the PE; actually the physical equivalence between 
the geodesic Action and the particle Action is an alternative statement of 
the PE. But, we know that in KK the 5D PE is violated, therefore in 5D 
such assumptions are not well grounded. Without PE, the meaning of the 
parameter rh is quite ambiguous and in principle the 5D mass could be not 
constant: at least, we have seen that it does not represents the rest mass 
of the reduced particle. Hence, we are legitimated to take the hypothesis 
that the 5D geodesic equation represents only the trajectory of minimum 
path between two given points, but does not deal with the right equation of 
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motion of our test particle. Now we look at the third assumption with the 
following reasoning: in order to correctly define a 5D test particle we have to 
assume that is possible to localize it. But, if we require that the size of the 
fifth dimension is L5 ~ O(10~^^) cm or smaller , to have a particle localized 
in the extra dimension we have to assume it to have an enormous amount of 
energy, beyond the scale of Tev , i.e. E O (-^). Hence, we suppose that 
the particle is not localized around the extra dimension and the definition 
itself of a 5D test particle is ambiguous. Now, let us examine how these 
assumptions work in GR: indeed, in the standard 4D theory we have a well 
grounded procedure which allows us to i) face a rigorously definition of rest 
mass ii) prove that mass is scalar and constant iii) prove that the motion 
of a particle is really the geodesic one when we deal with the point-like 
approximation for the particle. This procedure is the multipole expansion, 
and is due to Papapetrou (p7]). In such an approach we deal with the 
equation for a generic kind of matter described by its energy-momentum 
tensor T^^^ ^ i.e. V^T'^'^ = 0. Point-like bodies are described by the hypothesis 
of localization: they are associated to a small world-tube and components of 
matter tensor are non zero only within this world-tube. Such a localization 
allows us to perform a multipole expansion once we integrate our equation. 
The test particle is given by the zero-order approximation ( single-pole ) and 
it corresponds to a point like particle, while , for instance, the first order 
( pole-dipole interaction ) corresponds to a spinning particle. The geodesic 
equation, which we obtain by the Action 5* = —m J ds, coincides with the 
single-pole equation of Papapetrou, where the mass arises now rigorously 
defined as follows: 



Thus, Papapetrou approach gives the proof that in standard GR the motion 
is effectively the geodesic one as far as the point like particle approximation 
is concerned. Therefore, our point of view is the following. The proper 
procedure to be generalized from 4D to 5D is not the geodesic one : we have 
to consider the general dynamical equation, involving a 5D matter tensor, 
and only after this, if we want to analyze the motion of a test particle, address 
the procedure of multipole expansion , which is the only one able to correctly 
define the rest mass of the particle. 




(29) 
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2.2,2 Multipole Expansion 

In this approach we define a generic, symmetric, 5D matter tensor T^^; its 
dynamics is given by the following equations: 

where Da is the 5D covariant derivative. The first equation is the general- 
ization of the conservation law, while the second equation is given for con- 
sistency with the field dynamics and the cylindricity hypothesis. In order to 
simplify the identification of matter tensor components with corresponding 
4D objects, we will write our equations in terms of following components: 

Tf" -> AD tensor 
Tg* — > AD vector 
T55 — i> scalar 

The KK reduction of the first equation of (i30l l. after some algebraic rear- 
rangement, provides the following set : 

5) -^V,i<l>T,^) = (31) 
fi) ^VpT^P = -(^^T^P-g^'{^^T,, + ekF^;r^ (32) 

From the first of the above equations we recognize a conserved vectorial 
current, i.e. 

3^ = ekct^T^ (33) 

Therefore we rewrite: 

5) ^V,f = Q (34) 
^^) ^ Vp (0r^O = -g^" T55 + F^^jp (35) 

where = g^uj" ■ It is worth noting that, if we take = 1 from the 
beginning, our set reduces to 

5) ^V^j^ = (36) 
/i) ^ VpT'^^ = F'^^'jp (37) 

Therefore, if we identify T^^ with the matter tensor of the reduced 4D matter, 
we are able to take into account the coupling of matter with the conserved 
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current associated to a U(l) gauge invariant field, namely the electromagnetic 
field. Any hypothesis hasn't been made on the kind of the 4D matter and 
the current is only defined in terms of components of the 5D matter tensor, 
without any connection with the kinematics of the matter. So, at this step, no 
definition of mass has been employed and there is not any kind of restriction 
on the value of the current. 

Now, in order to describe in a consistent way the properties of a test 
particle and neglect the back-reaction, we have to adopt a localized matter 
tensor and follow the Papapetrou procedure. 



Papapetrou procedure: Let us start from equations (1341) : we rewrite it 
via the identity V^V^^ = -^d^^^/gV^) and moreover we perform the deriva- 
tive d^{x^ ^Jgj^). Defining = ^/gj^ we obtain the set 

Now we integrate these equations over the 3D space and use Gauss theorem. 
At this step we use a localization hypothesis: the current is peaked on a 
world line X'^ and negligible outside: therefore we perform a Taylor expansion 
j^fj. _ j^fj. _j_ ^J^^l retain only the lowest order. In such an approximation 
our set becomes 



d^xj^= [d^xf (40) 



dX"" 

Now , we define q = jd^xj'^ and u^^ = where ds^ = g^^dX^^dX^ . 

Therefore we have: 

f^ = 

(41) 

u^q = M° Jd^x 

Hence, we have defined the charge of the test particle. Finally we can recog- 
nize that in such point-like approximation the effective current can be written 
as follows: 

^f = jdsqu>'5{x^' -X") 

Now we turn our attention to eq. (l35l) and generalize the above procedure: 
at first we have to define objects that we want to localize; for the tensor 
component, as it happens for the vector one, the most simple choice is to 



12 



consider (pT^'^ which is indeed the argument of the operator. Then, we 
adopt a similar parameterization for the scalar component, thus we define 
now T^'^ = T^^cj), T55 = r550 and apply the localization hypothesis on these 
objects. Now, we use the identity V pL^^^ = ■^dpy/gL^^''+V^p^LP^] moreover we 

consider the derivative of ^/gT^^. Defining T^^ = ^T^^ and T55 = ^/gT^^^ 
we get the set of equations: 



T55 + F^Pjp 



(42) 



X 



T55 + FPPjp 



(43) 



Now we integrate over the 3D space, use the Gauss theorem and take into 
account the localization hypothesis. We assume that T^-'^ and Tss, as well 
as jp, are peaked on a world line X^. Hence, the localization is performed 
only in the 4D space rather than in the 5D one ; this happens because the 
matter tensor does not depend on the fifth coordinate and it is consistent 
with the unobservability of the extra dimension and with the phenomeno- 
logical request that we observe trajectories only in our 4D space. Given the 
displacement Sx^ = x^ — X'', we perform a Taylor expansion in powers of 
with center X^, as far as the Christoffel symbols and the metric fields 
and (and their derivatives) are concerned. Thus, we obtain an expan- 
sion in terms of integrals like ^d?x dx^T^^ ^ ^dp'x 5x'^5x^TP'^ and so on, while 
metric fields and Christoffel (and their derivatives) are carried out from the 
integration being estimated on X^. The test particle motion is described by 
the lowest order of this approximation ( single pole approximation ), where 
we neglect all integrals with terms of order dx^T^'^ and greater. Therefore, 
within the zero-order approximation, equations (Il2l [l3ll respectively become 



d 



jd^xf^'^^ + T>'p^jd^xfp^= -g 
+ F^'pjd^xjp 



d^x T55 



(44) 



'd^xf>'^= d^xfp^ (45) 



dX" 

where now metric fields and their derivatives are evaluated on X^^. Now 
we define the auxiliary tensor M^^ = Jd^xT^'^ , then equations (1441 1451) 
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become 



ds 



+ F^Pu^ d'xjp (46) 



M^'^ = — (47) 
Now, from (ITf|l . we get immediately: 

We define the scalars A and m: 

,0 La 



A = u^jd^xT55 (49) 
Finally, recalling eq. ( l4Tll . the equation of motion (i46l l reads: 

-^mw'^ = -(7^" (^^^ A + gF'^'^Up (50) 

Now we require that the identity u^^u'^ = holds; from the above equation 
we get the condition: 

d A dcf) 

ds (f)^ ds 

Finally, by using this new condition, we can rewrite the equation of motion 
as follows: 

= {u'^u^ - (7^") ^A + qF^'^u, (52) 
Ds (p"^ 

Coupling factors are explicitly defined as follows: 

q = ek jd^x (j)T^ 
A = u° jd^Xy/g(pTi 

14 



00 



55 



Quantities m, g, A result to be scalar objects. We could obtain the same 
result for the motion equation and for coupling factors if we define as follows 
the effective matter tensor for particles : 



Hence, the effective matter tensor fits to our beginning hypothesis of local- 
ization. 

At first we note that, if we take from the beginning = 1, then m becomes 
a constant and our equation reduces to the Lorenz equation, once we identify 
q with the charge and m with the rest mass of the reduced particle. Let us 
now compare the old equation ((HI) to this new one (l52l) in the general case. 
We recognize that: 

• they show the same dynamical structure but coupling factors are not 
the same . 

• in (l52ll we have the three factors m, q, A that are defined in terms of 
independent degrees of freedom of the matter tensor, therefore are not 
correlated each to other, while in the geodesic approach q and m were 
both defined in terms of P5 ( so giving the upper bound ): therefore 
now no bound arises. 

• q is conserved, due to the presence of a conserved current ( gauge the- 
ory); A is not constant, but in principle there is no symmetry requiring 
its conservation. 

• mass is not conserved (ISTl) and this is indeed a relevant feature of 
this new equation. Anyway, there is no reason to require in principle 
the conservation of m : the 5D PE is broken and therefore mass is 
not necessarily a constant. However, in the scenario with = 1 we 
deal with a purely Einstein-Maxwell system, so the PE is restored and 
mass turns to be a constant. It is worth remarking the existence of 
other interesting scenarios. By setting A = we recover a constant 
mass and the free falling universality of the particle ( in absence of 
electromagnetic field ), without any constraint on the scalar field. By 
setting A = amct? , we loose a constant mass but we still have the free 
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falling universality and an explicit form for the behavior of the mass it 
is easily founded by integrating the equation (jSTIl : 

m = mo (|-) (53) 

Papapetrou approach shows that the particle motion is not the geodesic 
one and that the idea of a 5D test particle is misdealing, being the particle 
localized only in the observed 4D space, and tells how charge and mass have 
to be defined correctly. In the next section we will enforce this point of view 
showing how this new approach is able to remove the KK tower of massive 
modes. 



3 Klein-Gordon Dynamics 
3.1 Standard Approach 

Within the geodesic procedure the 5D velocity of the particle must satisfy 
the identity 

J'^^waWb = 1 (54) 

If we introduce the 5D mass parameter m and define linear momentum Pa = 
mwA, we gain the 5D dispersion relation (l24l ) 

J'^'^PaPb = rh" (55) 

Such a relation provides the dispersion relation (fTOl) we have seen in sec. 
(12.1.11) : actually, we could consider it as a more general formulation of eq.( 
fT9l ). We consider the canonical quantization of this relation, as far as a 
complex scalar field C is concerned, and we get a 5D KG equation. The 
associated Lagrangian density reads: 

C=J^^dAC{dBCr-^\C (56) 

Now we implement the KK reduction. To be consistent with the unobserv- 
ability request, we assume that our scalar field depends on only through 
a phase factor: 

((x'^, x^) = r/(x^)e*^^"' (57) 

The momentum P5 is scalar and conserved. Moreover, recalling KK trans- 
formations ((21), we notice that our field transforms as follows: 

C = C'e'^'''''^^ (58) 
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Therefore, we are dealing correctly with a U(l) gauge transformation. Then, 
implementing the reduction of the inverse metrics J"^^, we finally can con- 
sider the reduction of the Lagrangian and this yields : 

£ = g^'i-id^ - P^ekA^)r][{-id, - P,ekA,)r]]+ - (^m^ + r]7]+ (59) 

We recognize a U(l) gauge invariant lagrangian where the reduced field rj 
acquires a charge ekP^ and a mass term = {rh? + ■^); the ratio q/m fits 
to the result previously obtained for the motion of the test particle. Moreover, 
requiring the compactness of the fifth dimension, we get the quantization of 
P5, i.e. P5(n) = 2Tm/L^. Thus, the discretization of P5 gives rise to a tower 
of modes for the mass term m; in the simplest case, with = 1, we simply 
have: 

Fixing the minimum value of P5 via the elementary charge e, we get the 
extra dimension size below our observational limit, i.e. L5 ~ 10"'^^ cm. But, 
at the same way, this evaluation provides huge massive modes beyond the 
Planck scale. Therefore, within the geodesic approach, the problem of the 
charge-mass ratio is strictly linked to the problem of massive modes ( [T2] . 

m)- 



3.2 Revised Approach 

Let us consider now the KG dynamics that arises from the Papapetrou revised 
approach. At first, we note that the new equation ([52]) can be derived from 
the following Action: 



S = - \mds + q[A^dx'' + —] (60) 



ek 



In agreement with equation (Ell), the parameter m has to be regarded as a 
variable function, not depending on x^, whose derivatives are given by the 
following formula : 

dm _ 

dx^ ~ 03 ^ (61) 

A direct calculus of Eulero-Lagrange equations would give the proof that 
this Action leads to eq. (l52ll . Moreover, it is worth noting that, if = 1, 
being m a constant in such a scenario, we have exactly the Lorenz Action 
plus the charge conservation law, expressed in term of a Lagrange multiplier. 
From the above Action, we can calculate Lagrangian, conjugate momenta 
and Hamiltonian, in order to analyze the dispersion relation. 
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Hamiltonian formulation: Starting from the Action (l60l) . we consider 
the ADM reformulation ([22], [23], [2l|, [25]), as well as we have done in the 
section ( 12.1.11) : introducing the same set of Lagrangian coordinates q^,q\q^ 
we get the following Lagrangian: 

L = -m[N^ - K,iq'q^)]-2 - q{-^ + A, - A,N^ - A,q^) 

From the above expression we calculate the Hamiltonian H and the conjugate 
momenta Pi,P5. In a synchronous frame we have: 



{H - qAo)^ = h'miUj + m^, (62) 



where 



Ui = Pi- qAi = mui = — . (64) 

Identifying the Hamiltonian with the time component of the momentum we 
can rewrite equation (i62l) in a 4D manifestly covariant expression: 

n^n^ = m^, (65) 

where Uq = Pq — qAQ. Finally, we can rebuild a 5D dispersion relation: the 
calculus of P^, P5 we got from the Lagrangian, uniquely defines a 5D vector 
P^ such that we have: 

pA ^ (ll^^^p^) (66) 

Pa = iU^ + P,A^,P,) (67) 

= gf^'U, P5 = -0'(^Mn'^ + P'). (68) 

where P^ = = mu'^. With such a definition, relations (162f65p are 

provided by the following 5D dispersion relation : 



Therefore, looking at equations (I62f65p . we finally recognize the disper- 
sion relation for a test particle with mass m and charge q interacting with the 
electromagnetic field. Now m is exactly the mass parameter we put in the 
Action, and at the same time is the scalar which defines the 4D dispersion 
relation (l65ll and the proportionality relation between usual 4D conjugate 
momenta and velocities. Thus, this result enforces our interpretation con- 
cerning the Papapetrou procedure. 
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3.2.1 Removal of the KK tower 



Moreover , it is worth noting that there is now no hnk between P5 and the 
velocity. Therefore, the quantization of charge, i.e. the quantization of P5, 
does not affect the definition of the mass. Indeed, let us calculate the 5D KG 
equation corresponding to the dispersion relation (l62l) . The formula (l69l) , 
when we consider its dimensional reduction, leads to the relation (l62l) . there- 
fore we assume that it represents the 5D dispersion relation of the particle. 
Hence, the 5D KG equation associated to our particle has to be defined via 
the quantization of relation ( l69ll . When we perform the canonical quanti- 
zation of eq. (l69l) . repeating the procedure of sec. (13.11) . in the resulting 

2 

Klein-Gordon equation we now have the counter term —j^^yr^ that rules out 
the huge massive modes. The final Lagrangian for the reduced field 77 reads 

C = g^'^i-id^ - qA^)7][{-id, - qA,)ri]+ - m^riri+, (70) 

and the tower of massive modes does not appear. 

4 Outlook and Perspectives 

We would like to focus on two points. The first point is the criticism against 
the geodesic approach. We have stressed how this approach leads to a 
misidentification of the rest mass and we have seen how this ambiguity causes 
the q/m bound and the tower of huge massive modes. Our opinion is that 
the assumptions we implicitly made in GR in this approach , are no longer 
valid in the 5D space. The reason is the violation of the 5D PE and the 
impossibility to localize a particle within the extra dimension. Indeed, eq. 
((71) loses its link with the dynamics of the particle: the particle motion in 5D 
is not provided by the 5D geodesic trajectory. At the same time, equation 
(l55l l lacks of physical meaning. The second point is a proposal for a new 
approach, based on a the attempt to find a rigorous definition of the 5D test 
particle and its rest mass. Let us consider separately scenarios concerning 
the scalar field (p. If we take 0=1 from the beginning, the revised ap- 
proach provides exactly the electrodynamics scenario for a reduced 4D test 
particle. Mass and charge are defined in terms of independent degrees of 
freedom, provided by the 5D matter tensor , and no bound arises. Moreover, 
calculating the dispersion relation arising from this new equation, and an- 
alyzing the corresponding Klein-Gordon dynamics we see that the tower of 
huge massive modes is removed. The key point is now that we do not have 
any link between the fifth component of the momentum and the rest mass. If 
we admit a generic scalar field the same kind of conclusions holds but now 
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new features appear: we deal also with a scalar field A, which plays a role 
in the coupling with matter and , more important, we now have a variable 
mass. This is not surprising, because the PE does not hold. Anyway, there 
exist possible scenarios depending on and A where the mass is restored as 
a constant or , at least, we recover the free falling universality. In our opinion 
this new approach, even if not yet definitive, offers a solution to the matter 
problem in the framework of a compactified KK scenario with a small extra 
dimension. Thus, from a theoretical point of vie, it enforces the physical 
meaning of KK theories and deserves a detailed investigation, also in view of 
its multidimensional extension. A promising perspective appears the search 
of correct currents associated with gauge symmetries in multidimensional KK 
models and the analysis of the complete cosmological solution with matter, 
especially when approaching the singularity and the chaotic regime. A com- 
parison to models for dark energy in the framework of mass varying particles 
( [26], [27] ) is an interesting problem to be addressed too. 
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